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We investigate the beam width evolution of astigmatic hollow Gaussian beams propagating in highly
nonlocal nonlinear media. The input-power-induced different evolutions of the beam width are illus-
trated: (i) the beam widths in two transverse directions are compressed or broadened at the same time;
(ii) the beam width in one transverse direction keeps invariant, and the other is compressed or broad-
ened; (iii) furthermore, the beam width in one transverse direction is compressed, whereas it in the other
transverse direction is broadened.
 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).Nonlocal nonlinear media (NNM) have attracted a lot of atten-
tion in the past decade. Many novel solitons in NNM have been
presented which have no counterparts in traditional local nonlin-
ear media, and exhibit many novel phenomena [1–4]. In recent
years, the shape-variant optical beams in NNM have also received
intensive attention [5–14], and some unique characteristics are
revealed, such as self-induced mode transformation [15],
power-variation-induced three-dimensional nonuniform scaling
[16], self-induced fractional Fourier transform [17,18]. In this
paper, we investigate the transformation of astigmatic hollow
Gaussian beams (AHGBs) in highly nonlocal nonlinear media
(HNNM). The input-power-induced different evolutions of the
beam width are illustrated.
The optical beams propagating in nonlocal nonlinear media are
described by the nonlocal nonlinear Schrödinger equation (NNLSE).
For the highly nonlocal case, the NNLSE can be deduced to the
Snyder–Mitchell model (SMM) [1,2,12,13], i.e.
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where k is the wave number in the media without nonlinearity, c is
a material constant associated with the nonlocal response function
of the media. Since the SMM is a linear model, the propagation
expression of an optical beam in HNNM can be obtained utilizing
the matrix optics and Collins integrate formula [17,18]. Practicallyspeaking, the beam propagation expression in HNNM can be
obtained using the following integral
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where Uðx0; y0Þ is the optical field on the initial plane.
The optical field of an AHGB is expressed as follows
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where C0 ¼ 2n
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p
is a normalized constant
which ensures the input power equals P0 ¼
RR jUj2dxdy, and CðÞ is
the Euler gamma function. n ¼ 0;1;2; . . . is the beam order. wx0
and wy0 are, respectively, the beam waist widths of an astigmatic
Gaussian beam in x and y directions. If wx0 ¼ wy0, Eq. (3) reduces
to the circular-symmetrical hollow Gaussian beams [19]. In this
paper, we define wy0 > wx0 and p ¼ wy0=wx0.
The beam widths in x and y directions can be defined as
[12,13,20] w2j ðzÞ ¼ 4
RR
j2jUðx; y; zÞj2dxdy= RR jUðx; y; zÞj2dxdy, where
j ¼ x or y. Quite evidently, it is too difficult to calculate the analyt-
ical widths directly based on Eqs. (2) and (3). With aid of the
Fig. 2. Transverse intensity distributions of an AHGB at different propagation
distances shown on the top. The parameters are n ¼ 2;p ¼ 1:8, and P0 ¼ Pxc . The
evolution period is DzT ¼ 7:025zR .
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one can get the beam width expressions
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where a ¼ ﬃﬃﬃﬃﬃP0p cz. Pgc ¼ 1=ðc2z2RÞ is the soliton power of a Gaussian
or a higher-Gaussian beam in SMM [1,2,5,6]. zR ¼ kw2x0=2 is the
Rayleigh distance of a Gaussian beam. It is found that the evolution
of beamwidths is periodical and dependent on the input power. The
evolution period is DzT ¼ p=ðc
ﬃﬃﬃﬃﬃ
P0
p Þ ¼ pzR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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p
which is only
related to P0. If one takes a proper input power, the beam width
in one transverse (x or y) direction can keep invariant on propaga-
tion, namely, wxðzÞ  wxð0Þ or wyðzÞ  wyð0Þ. We define this input
power as the critical power Pxc in x direction (or Pyc in y direction),
and Pxc ¼ Pgc=ð2nþ 1Þ; Pyc ¼ Pgc=½ð2nþ 1Þp4.
Here, we adopt the parameters (n ¼ 2 and p ¼ 1:8) as an exam-
ple to exploit the evolution of beam widths. Based on Eqs. (4) and
(5), Fig. 1 shows the evolution of beam widths with different input
powers. It is noted that the plotted data obtained from Eqs. (4) and
(5) are identical with the numerical ones based on Eqs. (1) and (3)
directly, which is confirmed by our numerical results. When
P0 < Pyc , the beam widths in x and y directions are both broadened
[see Fig. 1(a)]. When P0 increases to Pyc , the beam width in x
direction is still broadened, but the beam width in y direction
keeps invariant [see Fig. 1(b)]. When Pyc < P0 < Pxc , the anomalous
transverse transformation appears, i.e. the beam width in one
transverse (x) direction is broadened, whereas it in the other trans-
verse (y) direction is compressed [see Fig. 1(c)]. With P0 increasing
continually to Pxc , the beam width in x direction keeps invariant,0 20 40 602
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Fig. 1. Evolution of beam widths with different input powers. The solid and the
dashed lines denote the beam widths in x and y directions, respectively. The input
power is P0 ¼ 0:6Pyc for (a); P0 ¼ Pyc for (b); P0 ¼ 6:0Pyc for (c); P0 ¼ 10:5Pyc ¼ Pxc
for (d); P0 ¼ 16Pyc for (e); P0 ¼ 3:24Pyc for (f). The other parameters are n ¼ 2 and
p ¼ 1:8.but the beam width in y direction is compressed [see Fig. 1(d)]. If
P0 increases over Pxc , the beam widths in x and y directions are
both compressed [see Fig. 1(e)]. One can find that with the increase
of the input power, the evolution period becomes shorter and
shorter. If taking a proper input power Pec , one can get the equal
anomalous transverse transformation, i.e. the variant region of
beam widths in two transverse directions are the same [see
Fig. 1(f)], and Pec ¼ Pgc=½ð2nþ 1Þp2.
It should be noted that the evolutions of beam widths are
similar to the breathers in SMM [1,2,5,6]. However, the transverse
intensity distributions of AHGBs are variant on propagation, which
is much different from the breathers. Taking the parameters in
Fig. 1(d) as an example, the transverse intensity distributions of
an AHGB in SMM at different propagation distances are numeri-
cally obtained directly based on Eqs. (1) and (3), and illustrated
in Fig. 2.
In conclusion, we have investigated the propagation of AHGBs
in HNNM. A set of analytical expressions are given. Several
different beam width evolutions induced by the input power are
illustrated.
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